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A FINITE DIFFERENCING METHOD OF COMPUTING THE STATE 

TRANSITION MAT'RIX FOR ANY TYPE OF TRnJECTOIiY MODEL, 

C O N I C  THROUGH N-BODY 

By E l l i s  W .  Henry 

SUMMARY 

This paper p re sen t s  a method of  computing a s t a t e  t r a n s i t i o n  matr ix  
by f i n i t e  d i f f e renc ing  d i f f e r e n t i a t i o n .  The method uses :t s t a t e  vec to r  
propagation rou t ine  e x p l i c i t l y  and i s  shown t o  be independent of t r a j e c t o r y  
modeling s i m p l i f i c a t i o n  o r  complexity. Thus it i s  app l i cab le  t o  an 
ex tens ive  range o f  problems. A method of numerical q u a l i f i c a t i o n  i s  
discussed t o  show how t o  achieve m a x i m u m  accuracy as w e l l  as t o  determine 
t h a t  accuracy r e a l i s t i c a l l y .  The predominant emphasis throughout i s  
toward app l i ca t ions  on a d i g i t a l  computer ra ther  than rigorous mathematical 
cons ide ra t ions .  

Other methods of computing the  s t a t e  t r a n s i t i o n  matr ix  a r e  mentioned 
t o  show t h e  r e l a t i v e  advantages and l i m i t a t i o n s .  Application of t h e  
method t o  problems i n  addi t ion t o  or i n s t ead  of  t r a n s i t i o n  matr ix  
computation are suggested. 

INTRODUCTION 

The s ta te  t r a n s i t i o n  matr ix  i s  becoming inc reas ing ly  a.pplicable i n  
var ious type of t r a j e c t o r y  computer programs including navigat ion , 
guidance , o r b i t  determination, and e r r o r  a n a l y s i s .  B r i e f l y  , t h e  s ta te  
t r a n s i t i o n  matr ix  r e l a t e s  mathematically t h e  e f f e c t s  of propagating 
e r r o r s  ( o r  u n c e r t a i n t i e s )  from one i n s t a n t  of t i m e  t o  another.  That i s ,  
f o r  a s p e c i f i c  t r a j e c t o r y  model and an i n i t i a l  s t a t e  vector  and t ime 
i n t e r v a l ,  t h e  s t a t e  t r a n s i t i o n  matrix can be  computed and shows a l i n e a r  
approximation t o  t h e  change from a nominal t r a j e c t o r y  r e s u l t i n g  from 
a r b i t r a r y  e r r o r s  o r  u n c e r t a i n t i e s .  

It is  poss ib l e  f o r  c e r t a i n  simple t r a j e c t o r y  models t o  compute t h i s  
ma t r ix  by a n a l y t i c  formulations.  Even i n  t h e  s implest  model (two-body 
c o n i c s ) ,  t h e  a n a l y t i c  expressions can be formidable as w e l l  as r e s t r i c t e d  
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i n  app l i ca t ion  ( r e f .  1). 
a n a l y t i c a l l y ,  and then  general ly  only by some approximation or simpli-  
f i c a t i o n .  

Only s l i g h t l y  more complex models can be  solved 

These may s t i l l  have r e s t r i c t e d  a p p l i c a t i o n .  

The method described i n  t h i s  paper involves p a r t i a l  d e r i v i t i v e s  
computed by t h e  method of f i n i t e  d i f f e rences  and is  j u s t i f i e d  through 
a combination of i n t u i t i o n ,  mathematical reason,  and computer a p p l i c a t i o n .  
It w i l l  be  seen t o  be  appl icable  t o  conic t r a j e c t o r i e s ,  matched con ic s ,  
and o b l a t e  p l ane t s ,  and can accommodate N-body pe r tu rba t ions ,  impulsive.  
or f i n i t e  t h r u s t i n g ,  e t c .  The technique i n  i t s e l f  i s  not new (ref .  2 ) .  
This paper i s  intended f i rs t  t o  desc r ibe  t h e  technique,  t hen  t o  develop 
a method of  determining i t s  accuracy and/or region of a p p l i c a b i l i t y ,  and 
f i n a l l y  t o  show t h a t  it can be  made completely independent of  t h e  complexity 
of  t h e  t r a j e c t o r y  model. The end product i s  a concise computer program 
wi th  nea r ly  unlimited app l i ca t ion .  

This method i s  not intended t o  be competit ive with a n a l y t i c  formu- 
l a t i o n  as far .as computation speed when a n a l y t i c  formulations are 
adequate. However, t h i s  relatively simple formulation provides an i d e a l  
check ( t e s t  cases)  on much more complicated a n a l y t i c  ve r s ions ,  and, as 
s t a t e d ,  i s  r ead i ly  appl icable  t o  otherwise impossibly d i f f i c u l t  models 
( i . e . ,  s ta te  of t h e  art numerical i n t e g r a t i o n  t r a j e c t o r y  programs). 

The appendix gives a sample ve r s ion  of  such a program, namely, a 
FORTRAN s d r o u t i n e  , which uses a t r a j e c t o r y  subprogram e x p l i c i t y  , and 
thus  i s  appl icable  t o  any t r a j e c t o r y  model independent of  t h e  model 
complexity. 

DESCRIPTION OF THE STATE TRANSITION MATRIX AND 
DEFINITION OF TERMINOLOGY 

The s ta te  t r a n s i t i o n  matr ix ,  h e r e a f t e r  c a l l e d  t h e  PHI matr ix ,  or 0 ,  
i s  a 6-by-6 matrix of p a r t i a l  d e r i v i t i v e s  o f  a s t a t e  vec to r  at t h e  t ime 
t wi th  r e spec t  t o  t h e  s t a t e  vec to r  at  t ime t . f 0 

By d e f i n i t i o n ,  i f  t h e  i n i t i a l  or nominal s ta te  a t  t i m e  t i s  
0 

. . A  A 

(i,  j , and k a r e  u n i t  v e c t o r s )  and t h e  nominal s t a t e  at  t i m e  t 

def ined by 

i s  f 

- - A A A 

sf = (Ffy 1- X i + Y j + Z k ,  1 + j + i 1; f f f  f f f -  f 
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then  t h e  PHI matrix i s  

@ 
(t,, to) = 

axf axf 
ax ay 
-- 

0 0 

ayf  ay, 

axo ay 
-- 

0 

az, azf 
axo ay0 
-- 

a i f  a t ,  
axo ay0 
-- 

a i ,  a i ,  
axo ay0 

a i ,  a i ,  
axo ay0 

-- 

-- 

- 

- 
f 

ax, ax, ax 

a t  a ?  a i  
--- 

0 0 0 

--- ay, ay, a y f  

a i o  a ?  0 a i  0 

az, az, az, 
- - _ _  

a i  0 ;? 0 a i  0 

akf a l ,  a l f  

a io 
--- 

a i  0 a i  0 

a i ,  a i ,  atf --- 
a i  0 a ?  0 a i o  

a i ,  a i ,  a i ,  

a ?  a; ai 
--- 

0- 0 0 

Note for emphasis t h a t  t h e  f i r s t  column i s  t h e  p a r t i a l  d e r i v i t i v e  
of t h e  s t a t e  vec tor  at tLme tf with respec t  t o  parameter X 0 . 
t h e  second column i s  with respect t o  Y 0 , e t c .  

S imi l a r ly  

Frequently t h e  l i t e r a t u r e  shows t h e  PHI matr ix  as "pa r t i t i oned" ,  o r  
made up of four 3-by-3 matr ices ;  i . e .  



.- 

L 

If w e  assume f o r  t h e  moment t h a t  t h e  PHI ma t r ix  cm- be obtained and i f  
we ass ign  e r r o r s  o r  u n c e r t a i n t i e s  t o  each component of which I s h a l l  

0' 

c a l l  6 0 ,  - - 
0 

6 = 6 F  6; 
0 0'  

( 5 )  

Then t h e  propagative e f f e c t s  of t h e  i n i t i a l  6o over t h e  t ime i n t e r v a l  

( 6 )  
a r e  

BASIS OF NUMERICAL COMPUTATION OF THE PHI MATRIX 

Consider any element of equat ion (3) ; f o r  example, axf/axo. 
From t h e  d e f i n i t i o n  of  a de r iva t ive  , 

(Xf  + AX - Xf (Xf  + Axf) - xf - - l i m  f - =  l l m   ax^ AX+O ( X  0 + AXo)  - x 0 AX-tO 
( 7 )  

0 
AX 

axf  

If X can be evaluated from a m c t i o n a l  r e l a t i o n s h i p  involving f 
t hen  (X + AX ) i s  obtained from ( X o  + A X o ) .  To ob ta in  t h e  p a r t i a l  

d e r i v i t i v e  [equation (711 numerical ly ,  we can choose a r e l a t i v e l y  s m a l l  
value of AX and using t h e  flrnctional r e l a t i o n s h i p  eva lua te  t h e  r i g h t -  

hand s i d e  of equation ( 7 ) .  If AX could be made a r b i t r a r i l y  smal le r  , 
then  t h e  numerical d e r i v i t i v e  approaches t h e  p r e c i s e  mathematical  va lue .  
On a d i g i t a l  computer, t h e  value of AX cannot approach zero t o o  c l o s e l y  

due t o  t runca t ion  t o  a f i n i t e  number of d i g i t s .  
t h a t  a s u f f i c i e n t l y  small  value c m  be used which y i e l d s  r e s u l t s  s u f f i -  
c i e n t l y  accurate  fo r  most requirements.  

can be expressed s i m i l a r l y  t o  equat ion ( 7 ) .  

xO , f f 

0 

0 

0 

It w i l l  be  shown, however, 

A l l  36 elements of t h e  PHI matr ix  
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ACTUAL COMPUTATION O F  THE PHI MATRIX - ASSUMPTIONS 
AND PROCEDURES 

A t  t h i s  p o i n t ,  it i s  necessary and convenient t o  assume t h a t  a s t a t e  
vec to r  propagation rou t ine  i s  a v a i l a b l e ,  so  t h a t  we can w r i t e  

where T r ep resen t s  t h e  time i n t e r v a l ,  A t ,  and perhaps an a c t u a l  d a t e ,  i f  
r equ i r ed  by t h e  model. 

For convenience, equation ( 8 )  may be  w r i t t e n  with t h e  no ta t ion  

no ta t ions  w i l l  be used inteychangably. The equations simply imply 
t h a t ,  given a s ta te  vector  3 
i n s t a n t  of t i m e ) ,  w e  can f i n d  t h e  corresponding s ta te  vec to r  at any 
o t h e r  i n s t a n t  of t ime (T = A t ) .  
unspec i f i ed  degree of complexity which func t iona l ly  r e l a t e s  F t o  F0 
through a t i m e  i n t e r v a l .  S p e c i f i c a l l y  for computer a p p l i c a t i o n ,  w e  
assume G i s  a subrout ine which accepts as inpu t s  t h e  i n i t i a l  s ta te  
v e c t o r  and t i m e  i n t e r v a l ,  along with whatever o the r  i npu t s  are required 
t o  s p e c i f y  uniqueness, and produces as an output t h e  r e s u l t i n g  S The f' 
FORTRAN n o t a t i o n  n i g h t  b e  CALL G (SO, D T ,  SF). 

(by which w e  mean a s t a t e  vec to r  at  any 
0 

G implies  some t r a j e c t o r y  mQdel of an 

f 

We are now equiped with t h e  b a s i c  formulation and techniques t o  
compute Q [equation ( 3 ) ]  by t h e  method of equation ( 7 ) .  

0 
We first  note  t h a t  for equation ( 7 )  , w e  need t o  compute X *om X 

f 
using our subrout ine G ,  i . e . ,  ( X f ,  Y f ,  Zf, if, if, if) = 

G ( X o ,  Yo, Zo,  io, fo, io, T ) .  We have a l s o  obtained Y f, Zf . . . .if 
which w i l l  be r equ i r ed  f o r  t h e  second, t h i r d ,  . . . , s i x t h  column evalua- 
t ions  . 

When w e  replace X with ( X  + AX ) i n  our subrout ine G ,  we obtain 

? 
0 0 0 

(Xf + AXf ,  Y + AYf, Z f  + AZ if + A i  + A?,, 2 f + A i  f ) = f . . f'. fS f 
G ( X o  + AXo, Yo, Z , Xo,  Y o ,  Z o ,  T )  , where AX i s  i n t e r p r e t e d  as t h e  f 

0 



6 

change i n  X 

Without e l abora t ion ,  it should be noted t h a t  we now have not only those  
values t o  eva lua te  equat ion ( 7 ) ,  b u t  a l s o  a l l  q u a n t i t i e s  i n  column one 
of equat ion ( 3 )  by similar expres s ions .  

G (Xoy Yo + AYo, Zo, Xo, Yo, Zo, T) we can compute a l l  elements i n  column 

two, and so  on through column s i x .  

due t o  a s m a l l  change i n  X wi th  Yo . . . Z unchanged. 
f 0 0 

Now i f  we eva lua te  

To review t h e  s t e p s  taken  i n  t h e  a c t u a l  eva lua t ion  of t h e  PHI ma t r ix ,  
we used t h e  G subrout ine  once t o  ob ta in  t h e  nominal s t a t e  vec tor  at t h e  
t i m e  t A l l  of t h e s e  s i x  output values  were used; each was used i n  only 

one column, but i n  every element (row) i n  t h a t  column. 
f '  

Then t h e  G rou t ine  w a s  used s i x  more t imes.  Each use involved 
changing only one of t h e  nominal inputs  by a small amount, bu t  t h i s  change 
produced changes i n  a l l  s i x  of t h e  output  va lues ,  thus  allowing the  
computation of a l l  t h e  elements i n  an appropr ia te  column. 

The subrout ine G was appl ied  seven t imes .  ( I n  gene ra l ,  i f  an N x N 
mat r ix  i s  requi red ,  a subrout ine would be c a l l e d  upon N + 1 t imes . )  
e f f i c i e n t  FORTRAN coding, using DO loops and s u b s c r i p t  no ta t ion ,  t h e  
above wordy desc r ip t ion  t akes  on a very nea t  and concise  mathematical 
appearance. 
subrout ine G.  

By 

An example appears i n  t h e  appendix - excluding but  assuming a 

APPLICATION AND SELF-CHECK TEST CASES 

Equation (6) shows one of t h e  s imples t  app l i ca t ions  of t h e  PHI mat r ix  
It can be used t o  t e s t ,  q u a l i m ,  and c a l i b r a t e  t h e  PHI mat r ix  computation. 

Presumably, i f  we compute t h e  PHI mat r ix  and assume a s e t  of devia- 
t i o n s  ( e r r o r s  or u n c e r t a i n t i e s )  i n  t h e  nominal t r a j e c t o r y ,  t hen  those  

devia t ions  propagate by equat ion ( 6 )  over t h e  i n t e r v a l  A t  t o  produce 
0 

Effec t ive ly  we p r e d i c t  t h e  devia t ions  a t  t ime t 
set e x i s t i n g  at t ime t using 0. But given t h a t  assumed s e t ,  we can a l s o  

0' 

use t h e  G subrout ine [equat ion (811 t o  determine t h e  a c t u a l  devia t ions  

based upon an assumed f 

d i r e c t l y ;  i . e .  , 

Thus, 
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The values of 6 f  produced with equations (10) and (11) a r e  

mathematically p r e c i s e  ; t hey  do not depend on any l i n e a r i t y  assumptions 
and properly include any cross-coupling e f f e c t s .  They are numerically 
as accurate  as our t r a j e c t o r y  computation model (SUBROUTINE G ) .  

The comparable values produced with equation ( 9 )  depend upon t h e  
a p p l i c a b i l i t y  of our l i n e a r  theory PHI ma t r ix ,  ( i . e .  , 6 

apply l i n e a r  t heo ry )  a s  w e l l  as upon t h e  accuracy i n  computing t h e  PHI 
ma t r ix  i t s e l f .  

small enough t o  
0 

The q u a l i f i c a t i o n  of t h e  PHI ma t r ix  hinges upon t h e  agreement between 
t h e  a c t u a l  and p red ic t ed  6 f o r  t h e  same 6 . This self-check t e s t  w i l l  

b e  used t o  evaluate t h e  accuracy of  t h e  method on a computer. 
f 0 

This procedure i s  p re fe r r ed  t o  some of  t h e  i d e n t i t y  t e s t s  app l i cab le  
t o  a unique formulation f o r  two reasons: 

1. The described process i s  un ive r sa l ly  app l i cab le  and shows 
r e a l i s t i c a l l y  t h e  numerical accuracy of t h e  computed q u a n t i t i e s .  

2 .  Even though a31 i d e n t i t y  t e s t  may b e  appl icable  (such as a 
determinate of  PHI E 0 ) ,  p r e c i s e  equivalence cannot be obtained on a 
f i n i t e  d i g i t s  computer, and t h a t  r e s u l t i n g  discrepancy may not be 
relatable t o  e r r o r s  i n  t h e  computation of t h e  matr ix  o r  t h e  t e s t .  

NUMERIC QUALIFICATION - DETERMINATION 
OF THE INCREMENT VALUES 

Referr ing back t o  equation ( 7 )  and t h e  a s soc ia t ed  t e x t ,  it i s  
apparent tha: t h e  accuracy of t he  PHI matr ix  dependents upon choosing 
A X ,  . . . , AZ s u f f i c i e n t l y  s m a l l  t o  assume a l i n e a r  region and y e t  
l a r g e  enough t o  in su re  s ign i f i cance  i n  t h e  computation. 
i s  required.  
c a l l y  determine t h e  b e s t  compromise . 

Thus a t r a d e o f f  
The comparison of t h e  previous paragraph is  used t o  empiri- 

To remain independent o f  t h e  u n i t s  of t h e  i n i t i a l  s t a t e  v e c t o r ,  
t h e  value of t h e  A ' s  i n  equation ( 7 )  were obtained as a percentage of 

- 
t h e  F v magnitudes; i . e . ,  

0 ,  0 

I AX = A Y  = AZ = PR lrol 
(12) I A i  = A? = A i  = PR 
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A t  t h e  o the r  extreme we could make t h e  A ' s  so  l a r g e  t h a t  a l l  14 
of t h e  s i g n i f i c a n t  d i g i t s  change. However, t h i s  s u r e l y  s t r e t c h e s  our 
l i n e a r i t y  assumptions. We mw t r y  f o r  h a l f  as many d i g i t s  i n  t h e  PHI 
mat r ix  as s i g n i f i c a n t  i n  t h e  G sub rou t ine ,  t hen  empir ica l ly  t e s t  f o r  
adequacy or improvement i n  r e s u l t s .  

a reasonable  assumption i s  then  In I = IF I wi th in  one or two orders  

of magnitude. 

we begin by assuming PR = 1 x 
parameter ica l ly  (by pa re r s  of 1 0 )  f o r  best agreement between equat ions ( 9 )  

empir ica l  c a l i b r a t i o n .  

Since (Sf + A,) = G ( S '  + Ao), 
0 - - 

- f 0 - 
W e  may hope t o  ob ta in  seven d i g i t  accuracy i n  A Thus 

f '  
i n  equat ion ( 1 2 )  t hen  vary t h i s  value 

, and (11). The next  s e c t i o n  of t h i s  paper  shows t h e  r e s u l t s  of t h i s  

where PR (pe r tu rba t ion  r a t i o )  i s  v a r i e d  paramet r ica l ly  f o r  b e s t  
agreement between a c t u a l  and p r e d i c t e d  6 ' s  when t h e  6 ' s  were of a 

s i z e  comparable t.0 t h e  A's. 
f 0 

While it i s  impossible t o  gene ra l i ze  "accuracy" without l i m i t i n g  
, t h e  c l a s s  of  problem to be solved and s i z e  of  t h e  A t  i n t e r v a l ,  a f a i r l y  

reasonable  expec ta t ion  f o r  gene ra l  app l i ca t ion  i n  t h e  d iscussed  program I 

i s  t o  use PR = 5 x 10- lo .  
seven d i g i t s ,  depending on t h e  A t  i n t e r v a l ;  t h u s ,  t h e  PHI mat r ix  has 
t h i s  order  o f  accuracy. 

The p r e d i c t e d  and a c t u a l  6 ' s  agree t o  s i x  or 

I 

To f i x  at least an approximate value of t h e  A's for use on a d i g i t a l  
computer, l e t  us begin by consider ing t h e  accuracy of t h e  G subrout ine .  
For d iscuss ion ,  l e t ' s  assume t h e  output  of  t h e  G Subroutine i s ,  s a y ,  
14 d i g i t s  of s ign i f i cance  (perhaps not  unreasonable f o r  a double p r e c i s i o n  
r o u t i n e ) .  
i n  two so lu t ions  produced wi th  t h e  G r o u t i n e .  The denominator i s  t h e  
amount t h a t  t he  inpu t s  were changed t o  ob ta in  t h e  d i f f e r e n t  ou tputs .  
If t h e  input  A ' s  a r e  s o  s m a l l  t h a t  only t h e  l e a s t  s i g n i f i c a n t  d i g i t  
of each output is  changed, t hen  t h e  d i f f e r e n c e  i n  two so lu t ions  
has only one d i g i t  of accuracy; t hus  PHI i s  c o r r e c t  t o  one s i g n i f i c a n t  
d i g i t .  We su re ly  r equ i r e  more accuracy than t h i s ,  s o  t h e  A's must be  
increased.  The PHI matr ix  elements can be no more accura te  than  t h e  
s i g n i f i c a n t  d i g i t s  i n  t h e  d i f f e rence  of two s o l u t i o n s .  
must be  l a r g e  enough t o  change s e v e r a l  d i g i t s  of t h e  output .  

The numerator of  equat ion ( 7 )  i s  obtained from t h e  d i f f e rences  

The input  A V ' s  

ACTUAL NUMERIC ACCURACY I N  
PROTOTYPE PROGFtAM 
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The problems considered t o  obtain t h e s e  empi r i ca l  values included 
c i r c u l a r  o r b i t s ,  high energy e l l i p s e s ,  and hyperbolas of  t h e  l u n a r  
and i n t e r p l a n e t a r y  s c a l e .  They included A t  i n t e r v a l s  o f  a f r a c t i o n  
o f  a day up t o  s e v e r a l  hundred days. I n  t h e  case of e l l i p t i c  t r a j e c t o r i e s ,  
t h e  A t  i n t e r v a l s  were f r equen t ly  many r evo lu t ions ,  and f o r  hyperbolas 
crossed spheres of i n f luence .  Further , t h e  G subrout ine models included 
conic models (Kepler problem) and numerically i n t e g r a t e d  s o l u t i o n s  
(double p r e c i s i o n ,  Cowell method) t o  conic equations of  motion, o b l a t e  
p l a n e t  p o t e n t i a l  f lmctions , and N-body pe r tu rba t ions .  

The accuracy suggested above r e s u l t s  from a compromise t o  ob ta in  
g e n e r a l i t y .  

For app l i ca t ions  which l i m i t  t h e  general  c l a s s  t o  a more s p e c i f i c  
c l a s s  , say , f o r  earth-centered hyperbolic t r a j e c t o r i e s  with t i m e  i n t e r v a l s  
less than  t h r e e  days,  t hen  t h e  accuracy can be improved by two or t h r e e  
s i g n i f i c a n t  d i g i t s  . 

It is  easy and worthwhile t o  determine PR empi r i ca l ly  f o r  whatever 
c l a s s  problem and G subrout ine i s  appropriate .  For t h i s  reason,  t h e  
PHI matrix rou t ine  shown i n  t h e  appendix allows PR as an inpu t ,  and 
op t iona l ly  includes s u f f i c i e n t  p r i n t o u t  t o  determine a q u a n t i t a t i v e  choice 
of  various PR's f o r  b e s t  results and c a l i b r a t i o n .  Obviously, PR could 
b e  v a r i e d  w i t h i n  t h e  sub rou t ine  and a s u i t a b l e  t e s t  included t o  s e l e c t  
t h e  b e s t  value used. This i s  pot done t o  s implify and t o  keep computation 
t i m e  a t  a minimum. 

CONCLUDING REMARKS 

The chief  advantage of t h e  numerical method p resen ted  i s  s i m p l i c i t y  
and a p p l i c a b i l i t y  t o  any t r a j e c t o r y  program; t h e  l i m i t a t i o n s  may be  
computational speed or l i m i t e d  accuracy. I n  t h e  a reas  of study where 
s ta te  t r a n s i t i o n  matr ices  a r e  appl ied,  t h e r e  are computationally faster 
a n a l y t i c a l  programs f o r  s impler  problems and more accurate  programs f o r  
complex problems. A t  t h e  simple extreme, a conic t r a j e c t o r y  program, 
an a n a l y t i c  formulation ( r e f .  1) may be  more accu ra t e  and more e f f i c i e n t  
when app l i cab le .  As t h e  conic model i s  improved by including s e l e c t  
pe r tu rba t ion  forces  ( r e f .  3) , a n a l y t i c  formulation becomes more d i f f i c u l t  
and, eventual ly  , p r o h i b i t i v e .  

A t  t h e  complex extreme are p rec i s ion  i n t e g r a t e d  t r a j e c t o r i e s  which 
include N-bodies and o b l a t e  p l a n e t s '  spheres of  i n f luence  , s o l a r  p re s su re  , 
t h r u s t ,  drag,  e t c .  
along with t h e  equations o f  motion i n  o rde r  t o  r e t a i n  s u f f i c i e n t  accuracy 
and indeed may b e  more e f f i c i e n t  as w e l l .  

These may r equ i r e  i n t e g r a t i o n  of t h e  PHI matr ix  
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I n  between t h e s e  two extremes a r e  t h e  hundreds of  in te rmedia te  
t r a j e c t o r y  programs, b e t t e r  than conic bu t  not  p r e c i s e .  
method presented i s  b e s t  s u i t e d  f o r  t h e s e  programs , although app l i cab le  
at  both extremes. It i s  independent of t h e  complexity of t h e  model, 
t h e  formulat ion,  and t h e  f ea tu res  included or omit ted.  For example, 
naviga t ion ,  guidance , 
l o g i c ,  e t c .  , m a y  be a p a r t  o f  t h e  G r o u t i n e .  

The numerical 

impulse t h r u s t  , or f i n i t e  t h r u s t  wi th  s t e e r i n g  

This method w a s  developed t o  generate  t e s t  cases  f o r  a n a l y t i c  formula- 
t i o n s  of t h e  s implest  form, and t o  extend l o c a l  c a p a b i l i t i e s  t o  more 
complex problems. I t  i s  c e r t a i n  t o  f i n d  some app l i ca t ion  a t  e i t h e r  extreme, 
bu t  most f requent ly  i n  t h e  in te rmedia te  range. 

This paper has  d e a l t  exc lus ive ly  wi th  t h e  s t a t e  t r a n s i t i o n  matrix 
i n  Cartesian coordinate  form, namely t h e  6-by-6 ma t r ix  d iscussed  i n  
cur ren t  l i t e r a t u r e .  For whatever o t h e r  coordinate  systems or parameters 
a r e  meaningful t o  der ive  input  and output  , a v a r i a t i o n a l  mat r ix  (no t  
necessa r i ly  of square dimensions) can be computed using t h e  numerical  
method discussed h e r e .  

Two examples a re  

1. A six-degree-of-freedom problem n e c e s s i t a t i n g  a 12-by-12 matrix 
i f  a t t i t u d e  and s ta te  vec to r  a r e  c o r r e l a t e d  through naviga t ion ,  t h r u s t i n g  , 
and guidance - an extension of t h e  present  PHIMAT r o u t i n e  given a G sub- 
rou t ine  . 

2. A problem of r e l a t i n g  a c e r t a i n  s e t  of o r b i t a l  ( o s c u l a t i n g )  
element deviat ions a t  one i n s t a n t  of  time t o  a similar or d i f f e r e n t  s e t  
of devia t ions  a t  another .  
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APPENDIX 

FORTRAN SUBROUTINE PHIMAT 

SUBROUTINE PHIMAT (SO, D T  , P R Y  P H I  , E T C .  ) 

DOUBLE P R E C I S I O N  SO, D T ,  P R Y  P H I ,  T I N C ,  S O P ,  SFP, ERR 

D I M E N S I O N  S O  ( 6 ) ,  P H I  (6 ,  6 ) ,  T I N C  ( 6 ) ,  SIP (61, SFP (6), ERR ( 6 )  

I F  ( P R . E Q . 0 )  P R  = 5.OD-10 

T I N C  (1) - P R  "DSQRT (SO (1) **2 + SO (2) ""2 + SO ( 3 )  **2) 

T I N C  (4) = PR "DSQRT (SO (4) ""2 + SO ( 5 )  **2 + SO ( 6 )  **2) 

T I N C  ( 2 )  = T I N C  (1) 

T I N C  (3)  = T I N C  (1) 

T I N C  ( 5 )  = T I N C  ( 4 )  

T I N C  (6 )  = T I N C  (4) 

C FOLLOWING CALL IS  SYMBOLIC.  ACTUAL CALL DEPENDS ON R O U T I N E  USED. 

CALL G (SO, D T ,  SF) 

DO 20 I = 1, 6 

DO 10 J = 1, 6 

C S O P ,  SFP I N D I C A T E  PERTURBED SO, SF 

10  SOP (J) = SO(J) (J) 

S O P  ( I )  = S O P  ( I )  T I N C  (I) 

CALL G ( S O P ,  D T ,  SFP) 

DO 20 K = 1, 6 

20 P H I  ( K ,  I )  = ( S F P ( K )  - SF (K)) / T I N C  ( I )  

C RETURN A T  T H I S  P O I N T  UNLESS CALIBRATION T E S T I N G  REQUIRED 

C ASSUME I N I T I A L  ERRORS I N  SO ARE T I N C  



14 

C 

C 

C 

50 

60 

C 

P R I N T  200, T I N C  

COMPUTE ERRORS AFTER DT U S I N G  P H I ,  ASSUMING A MATRIX TIMES 

VECTOR ROUTING V I A  NEXT CALL 

CALL MXV ( P H I ,  T I N C ,  E R R )  

P R I N T  200, ERR 

COMPUTE ERROR AFTER DT D I R E C T L Y  U S I N G  SUBROUTINE G 

DO 50 I = 1, 6 

S O P  ( I )  = SO ( I )  + T I N C  ( I )  

CALL G ( S O P ,  D T ,  SFP) 

DO 60 I = 1, 6 

ERR ( I )  = SFP ( I )  - SF ( I )  

P R I N T  200, ERR 

ACTUAL AND P R E D I C T E D  ERRORS HAVE BEEN P R I N T E D  

200 FORMAT ( 6 ~ 2 2 . 1 1 )  

RFTURN 

END 
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